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Abstract

In this paper, we fully characterize the equilibrium outcomes of non-exclusive competition
in credit markets subject to moral hazard, using the standard linear production setting popu-
larized by Holmstrom and Tirole (1997, 1998). We consider two cases. When contracts are
contingent on the state of nature only, the equilibrium outcome under non exclusive competi-
tion is unique, and allows investors to earn collectively monopoly profits. When contracts can
include covenants contingent on total output or cash-flow, the equilibrium is indeterminate in
the sense that all feasible allocations can be sustained at equilibrium. We show that this inde-
terminacy can be removed by creating an institution that controls accepted investments, and
precludes strategic default. When such a credit bureau is available, the competitive outcome
then emerges as the unique equilibrium allocation.

1 Introduction

The purpose of this paper is to study how contract design matters when investors compete to
provide funds to a single firm that can trade several financial contracts at a time.

An important feature of non exclusive competition is that investors cannot control the number
of contracts traded by their portfolio firm. Such non exclusivity creates an externality across in-

vestors, in the sense that additional contracts accepted can reduce the expected repayment of other

*University of Rome II, Tor Vergata and Toulouse School of Economics (PWRI-IDEI)
TToulouse School of Economics (CRM and PWRI-IDEI)

HUniversity of Dauphine and Paris School of Economics

$Toulouse School of Economics (CRM and PWRI-IDEI)

YLondon School of Economics (PWC)



contracts (Bizer and DeMarzo (1992)). Such features shape competition and can give rise to equi-
librium allocations whereby investors collectively obtain positive profits, and total investment is
reduced compared to some exclusive competition benchmark Parlour and Rajan (2001). One im-
portant restriction in the literature is to assume that investors’ contracts can only take the form of
simple debt contracts, without restrictive clauses. The main contribution of the paper is to consid-
ered that even when competition is non exclusive, contracts can be contingent on some observable
financial results (cash-flows, assets...). This allows investors to specify covenants with some tar-
geted investment level, and to design penalties when such covenants are violated. Designing
penalties ex post is not equivalent to controlling the number of traded contracts ex ante, because
the ability of investors to punish departures from targeted ratios is reduced by entrepreneurs’ lim-
ited liability. In this paper, we investigate the consequences of introducing such covenants on
investors’ market power and credit rationing for firms. We also suggest some institutional frame-
work to enhance competition among financial intermediaries.

The starting point of our analysis is the credit economy considered by Holmstrom and Tirole
(1997, 1998) in which entrepreneurs need funds to invest in a project with a linear technology, and
in which production is subject to moral hazard. Within this standard setting we model competition
amongst financial intermediaries as an extensive form game. A main feature of competition is
that financial contracts are taken to be non-exclusive. That is, none of the investors can make his
proposal contingent on the offers that the entrepreneur is receiving from his rivals.

We first follow the route paved by previous studies and focus on plain debt contracts: Financial
contracts are contingent on the success or failure state, but not contingent on total cash-flow. In
such a context we show that competition delivers an extreme form of non-competitive result: The
only aggregate allocation supported at equilibrium is the monopolistic one. None of the investors
has a unilateral incentive to propose loans at a smaller rate, because this would always induce
the entrepreneur to trade several contracts at a time and to select the low level of effort, which
makes the deviation not profitable in the first place. In other words, with a linear production
technology, the threat imposed by the externality across contracts is so powerful that it makes

investors coordinate on a monopoly outcome. Positive profit equilibria have emerged in several



alternative settings!. Our contribution to that literature is twofold: Firstly, our assumptions allow
to support the monopolistic allocation irrespective of the number of investors. This is because
it is always possible for each of the investors to profitably deviate, and reduce the entrepreneur’s
utility except when the latter is left with his reservation utility. Secondly, in the literature equilibria
with strictly positive profit for the lenders usually rely on concave production functions. We show
that a monopoly outcome also emerges when the production technology is linear. Interestingly,
linearity exacerbates the market power of lenders and allows us to pin down monopoly as the
unique equilibrium allocation.

This sharp result provides a natural framework to study contracts that can also be contingent on
the level of cash-flows and not simply on the success or failure states. We interpret these contracts
as debt contracts with financial covenants. In practice, covenants are designed to induce efficient
decisions from the borrower and thereby reduce potential agency problems between borrowers and
lenders. Such financial covenants are typically contingent on verifiable and contractible variables
such as balance sheet, income statement or cash flow items?. The benefit of introducing covenants
is for investors to set penalties in case the entrepreneur deviates from some targeted investment
level. Because of entrepreneurs’ limited liability, penalties in case of violation of covenants are
bounded above. A consequence is that investors’ ability to write covenants contingent on cash-
flows ex post is not equivalent to controlling for the number of contracts accepted ex ante. An
important result of the paper is that financial covenants can help investors to coordinate on any
investment level. It follows that any feasible allocation can be sustained at equilibrium when
contracts are contingent on the final cash-flow.

We next study how financial institutions can help restore competition among investors. The exter-
nality across contracts created by non exclusive competition may induce the entrepreneur to make
"false" promises, i.e. to accept more contracts than he can afford. Some investors might have an
interest to induce such default, and benefit from it if their claim is senior to that of others. We

study the equilibrium outcome when such strategic default is ruled out. More precisely, we as-

'See for example Bizer and DeMarzo (1992), Parlour and Rajan (2001), Attar, Campioni, and Piaser (2006), Attar
and Chassagnon (2009).
2See for example ?, 2.



sume that there exists an institution, such as a credit bureau, that registers accepted contracts, and
that cancels all agreements if promised repayments are higher than maximum possible cash-flows.
While such a institution does not affect the equilibrium outcome when only debt contracts can
be used, it modifies sharply the nature of competition when contracts can include covenants on
investment. In that case, we show that the only equilibrium allocation is the competitive one. Our
analysis thus provides a rationale for the joint use of covenants in debt contracts and institutions

that monitor the level of indebtness of firms.

2 The model

2.1 Agents and technology

We consider a production economy that lasts two periods. It is populated by a single represen-
tative entrepreneur and a finite number N of investors. The entrepreneur owns a project and can
ask money to investors to expand the scale of her project. Following Holmstrom and Tirole (1997,
1998), production takes place through a linear technology which realizations are subject to uncer-
tainty and which is subject to moral hazard. An investment of I € R, yields a final output (or
cash-flow, normalizing the price of goods to one) GI, with G € R, in case of success and zero in
case of failure. The final cash-flow is verifiable. The probability distribution over final outcomes
depends on an unobservable effort e = {L, H} chosen by the entrepreneur. Denote (7., 1 — )
the probability distribution induced by the effort choice e, where . is the probability of success.
We assume 7y > 7. If the entrepreneur misbehaves, i.e. she selects e = L, she receives a private
benefit B € R per unit invested in the project.

In line with Holmstrom and Tirole (1998), we introduce the following assumptions:

mgG >1 and 7;,G+ B < 1, (1)

which guarantee that the investment project has a positive net present value if and only if the

entrepreneur selects e = H. To ensure finiteness of the equilibrium investment level, we also



assume:
B

0<7THG— Ar

<1, 2

where Am = 7wy — 7. 3

2.2 Financial contracts

The entrepreneur is risk-neutral and protected by limited liability. She has an initial endowment
of A € Ry and can raise additional funds by trading financial contracts issued by competing
investors. A specific feature is that the entrepreneur can trade several financial contracts at a time,
and her decisions cannot be contracted upon. That is, financial contracts are non-exclusive. A
financial contract proposed by investor i is therefore denoted (1%, R*(6)), where I' is the credit and
R(0) the (menu of) repayments asked by the investor according to the final cash-flow realization
6 € {0,GI} VI. We assume for now that no repayment occurs in case of failure i.e. R‘(0) = 0.
Because the entrepreneur is protected by limited liability, one cannot have R*(0) > 0. We will see
below that R*(0) < 0 is not optimal as it is standard in moral hazard settings.

I’ cannot be contingent on the number of contracts accepted by the entrepreneur because compe-
tition is non exclusive. However, the final cash-flow can be contracted upon. To the extent that the
final cash-flow perfectly reflects the total investment I in case of success, this amounts to contract-
ing on I: Without loss of generality, the repayment will be denoted R’(I). This is not equivalent
to contracting on the number of contracts accepted ex ante, because of the entrepreneur’s limited
liability. This limits possible punishment if the entrepreneur deviates from the targeted investment
level.

Our assumption of cash-flow contingent contracts departs from the standard literature on non-
exclusive competition, which assumes that R’ is contingent on the success state only.* In a com-
plete contract setting, the latter assumption is conceivable if the entrepreneur can create several

firms, each endowed with the same linear production technology. It is then impossible for each

3The assumption can be interpreted saying that if the entrepreneur chooses e = H, the unitary revenue from the
project is smaller than the unitary agency cost (see Tirole (2006), p. 127).
“See e.g. Bizer and DeMarzo (1992), Parlour and Rajan (2001), 2.



investor to contract on the total cash-flow, and R’ is contingent on the success state only. But if the
entrepreneur founds a single firm, R’ can de facto be contingent on cash-flow. In the remainder of
the paper, we consider both cases, and explore the consequences of expanding the contract space
on the equilibrium allocation, and on investors’ market power. A major insight of the paper is
that by expanding the contract space, coordination among investors is easier to achieve, and more

equilibria arise.

2.3 Strategic default

With non-exclusive competition, R?(I) is not necessarily the payment received by investor i, be-
cause strategic default can occur. This happens if the entrepreneur commits to repay more than the
cash-flow generated by the project in case of success. In other words, the entrepreneur can make
‘false promises’, and accept contracts even though all repayments cannot be honored in case of
success. This does not happen with one investor only because there is a unique claimant on the
final cash-flow. Strategic default is a natural consequence of non exclusive competition: If one
cannot contract on contracts accepted with third parties, this raises the possibility that contracts
involve conflicting prescriptions.

Financial contracts could in principle specify seniority rules to determine the order of repayments
in case of default. However, such clauses do not always preclude conflicts. For instance, it can
happen that two contracts are accepted and entail the same level of seniority.’ For that reason, we

do not treat priority rules as given® but assume that they are part of players’ strategies.

5 As anecdotal evidence, consider the example of ABN Amro and JPMorgan who disputed over their claim on Dutch
investor Louis Reijtenbagh’s art collection after he defaulted on both institutions’ loans. Reijtenbagh apparently used
his art collection as collateral in the two banks.

SThis contrasts with ?, who focus mainly on prorata rules, and with Bizer and DeMarzo (1992) who impose priority
rules.



2.4 Preferences

If default does not occur in case of success, the entrepreneur’s expected utility is given by:

- (G + A)—R) — A if e=H

T(GI+A) —R)+B(I+A)—A if e=L
where R and I denote the aggregate repayment and investment traded by the entrepreneur. The
above equation implies that A is observable, so that if the entrepreneur chooses ¢ = L, he has to
invest A.”7 If the entrepreneur decides not to enter into a credit relationship, she is left with the
option to carry out the production process using her endowment only. Given assumption 1, the

corresponding payoff is:

U(0) = (ruG — 1)A.

If (I, R) is an aggregate allocation traded by the entrepreneur, e(I, R) € argmax U(I, R,e) is
the corresponding optimal effort choice. '

Denote H = {(I,R) € R2 : e(I,R) = H} the set of aggregate allocations inducing e = H
as the optimal effort choice and £ = {(I,R) € R2 : e(I,R)} its complement. Finally, ¥ =
HNL={I,R)€R% : 7y(G(I+ A)— R) =7.(GUI + A) — R) + B(I + A)} is the set of
aggregate allocations that make the entrepreneur indifferent between e = H and e = L. We call
¥ the incentive frontier.

Given a contract C; = (I;, R;(I)), if there is no default after success, investor i’s utility is written:
VUI', R e) = m.R'(I) - I' with e € {L,H},

if the contract (I*, R(I)) is traded, and zero otherwise. The reservation utility of each investor is

Z€10.

7 Assuming that the entrepreneur does not invest A if he exerts effort e = L does not modify the results.



2.5 Competitive and monopoly allocations

We now define allocations that will be useful benchmarks to compare our equilibrium allocations
to. A competitive allocation (1€, R®) maximizes the entrepreneur’s utility subject to incentive and

participation constraints. Given (1) and (2), (1€, R) solves:

(I¢,R¢) € argmax U(I, R, e)

(I.R)
st.  U(,RH)>U(LR,L) 3)
maR—12>0, “4)

where (3) is the entrepreneur’s incentive compatibility constraint, and (4) the participation con-
straint of investors. At the optimum, (3) and (4) are binding. The optimal investment-repayment
pair is characterized by the equations

B(I¢ + A)

R = G+ A) = ——

®)

and

R = (1/my)I° 6)

Similarly, define the monopolistic allocation (I, R"™) as that prevailing when financial investors

maximize their joint utility. It is determined by

(I"™,R™) € argmax mgR—1
(I,R)
st.  U(ILRH)>U(R,L)

U(I, R, H) > U(0)

which implies that

I"=A(———-1) and Rm:GA(GT%W—l). (7



The next section explores the outcome of the non exclusive competition game when financial

contracts are contingent on the success state only. We denote such contracts plain debt contracts.

3 Credit market equilibrium with plain debt contracts

In this section, we follow the literature on non exclusive competition in credit markets (see e.g.

Bizer and DeMarzo (1992), Parlour and Rajan (2001) and ?) and focus on contracts contingent

on the success or failure state, but not contingent on total cash-flow. This allows us to compare

directly our results with standard models. A plain debt contract specifies a loan amount I; in

exchange for a fixed repayment R;. It is useful for the analysis to denote p; = % the price of this
i

contract.

The timing of events is the following:
1. Investors simultaneously post a take-it or leave-it contract.

2. Having observed the array of offers, the entrepreneur selects which contracts to accept and

chooses her optimal level of effort.

We derive below the set of subgame perfect equilibria of this extensive form game. Strategic
default cannot occur in equilibrium in our setting: If strategic default arises in equilibrium, the
entrepreneur optimally chooses e = L because of his private benefit. But by assumption 1, e = L
cannot be an equilibrium strategy, otherwise some investors lose money. We therefore look for
equilibria sustained by e = H.

We first emphasize a simple property of the entrepreneur’s optimal choices. Denote C' = (I, R)
the optimal aggregate investment-repayment pair chosen by the entrepreneur for a given array of
investors’ offers. Also denote 7(C') the entrepreneur’s marginal rate of substitution evaluated at
C'. For a given level of effort, 7(C') reflects the maximum price that the entrepreneur is willing to
pay for an additional unit of investment for his utility to remain constant. In particular, one gets

B
7(C) = G forevery C' € H and 7(C) = G + — for every C' € L (if no default occurs). Any
L



contract C' € H with a price G does not modify the entrepreneur’s utility, if accepted. Similarly,
. . B . .
any contract C' € £ with a price G + — does not modify the entrepreneur’s utility.
TL
Given the linearity in preferences, the entrepreneur always has an incentive to trade contracts

which price is strictly smaller than her marginal rate of substitution. This is formalized in the

following:

Lemma 1 Let {C) = (I1,R1), -+ ,Cn = (In, Ry)} be any array of offers such that the corre-
sponding investment-repayment pair C' = (I, R) optimally chosen by the entrepreneur does not
lie on the incentive frontier V. Then, if not default occurs, all offers C; such that p; < 7(C')
are traded, and all offers C; such that p; > 7(C) are rejected. If default occurs, any offer C; is

accepted by the entrepreneur.

Lemma 1 has a natural interpretation. Because the marginal rate of substitution reflects the max-
imum price that the entrepreneur is willing to pay per unit of investment to maintain his utility,
any price higher than the marginal rate of substitution decreases her utility. It is therefore re-
jected. Conversely, any contract which price is strictly smaller than the entrepreneur’s marginal
rate of substitution increases her utility. It is therefore accepted. See that if default occurs, the
entrepreneur accepts contracts at any price because accepting an additional contract does not in-
crease the entrepreneur’s repayment in case of success (he obtains a zero cash-flow anyway) and
increases his private benefit.

Lemma 1 has two implications. Firstly, because the marginal rate of substitution is higher for
contracts in £ than in H, any contract accepted if e = H is chosen is also accepted if e = L
is chosen. Secondly, at the equilibrium, a contract which price is strictly smaller than G cannot
remain passive: it is necessarily accepted.

The following proposition first establishes that the monopoly allocation can always be achieved in

equilibrium.

Proposition 1 The competing investors game always has an equilibrium in which one of the in-
vestors proposes (I, R™) and all other investors are inactive. At equilibrium the entrepreneur

accepts the offer (I, R™) and selects e = H.

10



Proposition 1 shows that there always exists an equilibrium which delivers the monopolistic allo-
cation (I, R™). To fix ideas, assume that this allocation is achieved with one investor offering
(I"™, R™) and the others offering the null contract (0,0). When assumption 2 holds, i.e. when
the expected project return is smaller than the expected agency rent (per unit of investment), if
(I™, R™) is offered by one investor, any additional contract with a positive level of investment
induces the entrepreneur to accept all contracts and exert low effort. Indeed, the entrepreneur al-
ways achieves a higher utility by accepting all contracts and shirk, rather than by accepting only
the deviating lender’s offer.

The next question is whether inducing the entrepreneur to accept all contracts and shirk is a prof-
itable deviation for a passive investor. A specific feature of our modeling is that an investor offer-
ing (0,0) may have an incentive to induce strategic default (and thus to induce the entrepreneur
to choose e = L), if he is repaid before the others. Whether inducing strategic default constitutes
a profitable deviation thus depends on the repayment rule in case of default. To rule out such
deviations, the repayment rule in case of default must not be too favorable towards the deviating
investor. We show in the appendix that the monopoly outcome (I"™, R™) is sustained if the ac-
tive investor who offers (I, R™) is repaid first. It is also sustained in case investors are repaid
according to some pro rata rule. Again, no passive investor has an interest to deviate because he
cannot make money at the expense of the others: In other words, if he wants to obtain a large re-
payment, he has to lend a large amount of money. This prevents him from earning positive profits
when the entrepreneur chooses e = L. If however, repayment rules give priority to the deviating
investor, the latter is induced to offer a small loan at a high price. He then recoups his investment
even when the entrepreneur exerts low effort. When such deviations are possible, the monopoly
equilibrium disappears.

The result of proposition 1 is strikingly different from that arising in an exclusive competition
setting for the following reason. In standard exclusive competition in price a la Bertrand, if one
investor offers a monopoly price, any competitor has an incentive to offer a lower price and capture
the whole demand. Here, because competition is non exclusive, the entrepreneur cannot commit to

choose a unique investor. When the moral hazard problem is severe, as illustrated by assumption

11



2, the entrepreneur’s threat to accept all contracts and shirk, thereby reducing the probability of
repayment and investors’ expected profits, is strong. Passive investors have no incentive to deviate
from the null contract. Effective competition cannot take place, and total surplus is reduced.

That a monopoly allocation can be sustained in equilibrium has already been emphasized in other
contexts (see e.g. Parlour and Rajan (2001)). The novelty here is to show that it can emerge in
a linear production technology setting. The next paragraphs provide a full characterization of the
aggregate allocations supported at equilibrium when investors play pure strategies. To characterize
such equilibrium allocations we first look for contracts that cannot be offered at equilibrium.
Propositions 2 and 3 provide necessary conditions for an aggregate allocation C' = (I, R) € H to
be supported at equilibrium. It will follow that no allocation different from the monopolistic one

can be supported at equilibrium.

Proposition 2 IfC = (I, R) € H is an equilibrium allocation, then:

(i) The set of contracts offered by investors is such that the entrepreneur can achieve the allo-

cation C = (I, R) € L defined by U(C,e = H) = U(C,e = L).

(ii) The set of contracts offered by investors is such that the entrepreneur can achieve the allo-

cation C = (I, R) € VU defined by U(C,e = H) = U(C,e = H).

Proposition 2 identifies two important necessary conditions for any equilibrium allocation. Prop-
erty (i) is necessary for any investor not to deviate and propose a higher level of investment.
Intuitively, if the allocation C is not available, any investor can deviate to increase his profit as
well as the entrepreneur’s utility. This is because additional investment can be made without trig-
gering low effort e = L. In other words, if the entrepreneur cannot achieve the allocation C
given all contracts offered, active investors can deviate and increase total surplus without induc-
ing the entrepreneur to choose e = L. This is a standard property of equilibrium allocations in
a non exclusive setting. The threat of misbehaving or reducing the probability of repayment of
loan contracts (which is materialized here by choosing e = L) must be strong enough to prevent

deviations.

12



Property ii) specifies how the allocation C' is achieved. From any equilibrium C' € H — U, C is
achieved when the entrepreneur accepts contracts with a price p > G. Proposition 2 states that
an allocation C' must exist. It can be interpreted as follows. If C is not available, C' can only be
achieved if (some) contracts such that p € (G, G + 1TBL) are offered. By lemma 1, such contracts
remain inactive at equilibrium. However, we show in the appendix that any investor that proposes
such a contract has an incentive to deviate: He is strictly better off lowering the contract price to

be accepted by the entrepreneur. Therefore, this cannot be an equilibrium situation. The existence

B
pir):

of C' guarantees that C' is achieved with contracts whose prices do not lie in (G,G+
An important consequence of proposition 2 is thus to characterize contracts that cannot be offered
at equilibrium. Because of properties i) and ii), investors never offer contracts such that p; €
(G,G+ %) They can however offer contracts with a price equal to G, or with a price larger than

or equal to G + % to achieve allocations C' and C. Next proposition states that contracts with a

price p; < G cannot be offered either.

Proposition 3 If the offer C; = (I;, R;) is accepted at an equilibrium, then necessarily p; =

R, _
Ti_G'

Proposition 3 states that at any equilibrium, investors offer contracts such that they capture all
surplus from the project, i.e. such that p; = G. The consequence is that at any equilibrium the en-
trepreneur earns her reservation utility. The reason is the following. If an investor offers a contract
such that p; < G, this contract is accepted by the entrepreneur (from lemma 1). However, this
investor can deviate and offer a slightly more expensive contract that still induces the entrepreneur
to exert effort e = H. This is formally proved in the appendix.

The equilibrium contracts property emphasized in proposition 3 implies that only allocations such
that investors earn positive profit can be supported at equilibrium. This is the consequence of
considering a linear production technology. Nothing can prevent an active investor from deviating
and offering a higher-price contract that is accepted by the entrepreneur without inducing e = L.
This is not always the case with a concave production technology. In that case, such deviations

can sometimes be blocked because the entrepreneur can maintain his equilibrium utility even if

13



one active investor withdraws his offer. The latter cannot offer a more expensive contract that is
accepted by the entrepreneur. Here, this can only be the case when offered contracts have a price
p; = G: The entrepreneur is left with her reservation utility, and no additional deviation can occur.
We are now in a position to argue that only the monopolistic allocation (I, R"™) can be supported

at equilibrium.

Corollary 1 No allocation C ¢ W can be supported at equilibrium in the competing investors

game.

The intuition of corollary 1 is the following. Given that all offered contracts are such that p; = G,
if the equilibrium allocation is not on the incentive frontier, there must exist contracts that remain
passive. Otherwise, the allocation C' is not available. But any investor offering a contract that
remains passive has an incentive to propose a cheaper contract that the entrepreneur is willing to
accept. The only way to prevent such deviations is when the equilibrium C' is on the incentive
frontier. No allocation different from the monopolistic one can therefore be supported at equilib-

rium.

Corollary 2 The monopoly allocation (I"™, R™) is the unique equilibrium allocation of the com-

petition game.

Corollary 2 simply results from propositions 3 and 1, and from corollary 1. Proposition 3 and
corollary 1 state that any equilibrium must deliver the monopoly allocation (1™, R™): This is
the only allocation on the incentive frontier ¥ that can be attained when the price of all contracts
offered at equilibrium is equal to G.

The fact that the competition game equilibrium is unique and delivers the monopoly allocation
is not standard in the literature. Parlour and Rajan (2001) and more recently ? have already
emphasized that the monopoly allocation can emerge at equilibrium. However, the monopoly al-
location is not unique in their setting. One contribution of this paper is to offer a setting where

the monopoly outcome arises naturally. When the production function is linear, the number of

14



equilibria is dramatically reduced, and the market power of investors is exacerbated. The funda-
mental reason why the monopoly equilibrium is unique in our setting is exposed in proposition 3.
Any active investor has an incentive to raise the contract price to increase his profit because the
entrepreneur cannot do better than accepting this contract, except in the extreme case where the

entrepreneur is left with her reservation utility.

4 Credit market equilibrium with covenants contingent on cash-flows

A feature of non exclusive competition is that contracts cannot be contingent on other contracts
accepted by an agent. In credit markets, this has often translated into assuming that financial
contracts cannot be contingent on total investment, or total assets (see for instance Bizer and
DeMarzo (1992) or ?). This is the route we followed in section 3. In this section, we depart from
these models by assuming that financial contracts can be contingent on the entrepreneur’s total
cash-flow which is itself related to the total amount invested initially. The reason is that while
it may not be possible to control for the number and type of contracts accepted at the time they
are negotiated by the agent, the consequences of such contracts are sometimes contractible. For
instance, a firm’s cash-flows or assets are verifiable and contractible.

The benefit of expanding the contract space is for investors to set punishments, or coercive clauses,
in case the entrepreneur deviates from some targeted investment level. It is thus natural to interpret
such contingent contracts as debt contracts with covenants. The question is whether one’s ability
to write covenants contingent on cash-flows ex post is equivalent to one’s ability to control for the
number of contracts accepted ex ante, as it would be the case in a setting of exclusive competition.
Intuitively, the two might differ because investors’ ability to "punish" departures from targeted
investment levels is limited. In our model, the entrepreneur’s limited liability sets an upper bound
on penalties that investors can impose.

Considering contracts contingent on total cash-flow amounts to conditioning repayment 2; on total
investment [ rather than on the single investment I; proposed by investor ¢. In contrast, exclusive

competition amounts to conditioning [; on total investment I before investment is actual sunk.
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Next proposition states that introducing cash-flow-contingent covenants dramatically changes the

equilibria that can be sustained in our model.

Proposition 4 Take any aggregate allocation C' = (I, R) € H that is feasible, i.e. R € [%I ,GI.
If repayments R; can be contingent on the total investment I = ), I; chosen by the en-
trepreneur, any such allocation can be supported at equilibrium as long as the number of in-

vestors N is large enough and the private benefit of shirking B is large enough, in the sense that

G < 4 (1+B).

Proposition 4 establishes that any feasible allocation can be sustained at equilibrium with covenants
contingent on the final cash-flow. This result holds under some assumptions regarding the number
of agents in the economy, and regarding the severity of the moral hazard problem. More precisely,
the strategy profiles of agents that sustain these equilibria are the following. A set of investors offer
contracts that collectively grant the entrepreneur his equilibrium utility: These contracts are ac-
tive, i.e. accepted at equilibrium. To achieve this, each offer is formulated so that the entrepreneur
obtains his equilibrium utility when accepting all (or all but one) contracts: If the entrepreneur
accepts only a subset of these contracts, or a larger set of contracts, he is punished by having to
repay all the cash-flow. Such contracts can be interpreted as debt contracts, with covenants speci-
fying a targeted investment level. When a covenant is violated, lenders capture the firm’s assets.?
An important feature is that any equilibrium utility can be sustained by this set of active contracts.
Another set of investors offer high price contracts that are not accepted at equilibrium. Such pas-
sive contracts ensure that the entrepreneur would obtain his equilibrium utility, were he to accept
all contracts and exert effort e = L.

Given these strategies, we show in the appendix that no agent has an interest to deviate from
his equilibrium strategy. The informal argument goes as follows. Firstly, it is clear that the en-
trepreneur maximizes his utility by accepting all active contracts (he cannot obtain a higher utility
by accepting less, or more contracts). Secondly, no individual investor has an incentive to devi-

ate. This is particularly striking given that some investors make positive profits, and others make

8In our model, asset value is simply the final realized cash-flow.
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zero profits. The intuition is the following. A passive investor cannot offer a contract that the en-
trepreneur is willing to accept alone: For such a contract to attract the entrepreneur, the investment
proposed has to be rather large, which induces the entrepreneur to accept all contracts and shirk,
given the other contracts offered. A passive investor cannot offer either a contract that becomes
part of the set of accepted contracts. This is because covenants contingent on cash-flows help
active investors to deter such deviations. Last, an active investor has no incentive to deviate for
analogous reasons.

An important assumption needed to sustain these equilibria is that the number of passive investors
is large. This is because each passive investor’s individual investment has to be small, but the sum
of investment offered by passive investors has to be large. This allows to deter deviations by a
passive investor. Indeed, for a deviation to be considered by the entrepreneur, a passive investor
has to invest substantially more, which in turn triggers low effort e = L. Another assumption is
that B has to be large. This is because all equilibria rely on the threat that any deviation triggers
low effort: this threat has to be credible, i.e. the private benefit of shirking has to be larger than
the per unit monetary return of the project. Last, the equilibria are constructed so that a deviating
investor cannot make profits if the entrepreneur chooses e = L. This is done by assuming, as
in section 3 that the deviating investor is repaid after the others, in case of strategic default. The
result also holds when investors are repaid according to a pro rata rule. With no doubt, priority
rules matter for equilibria to exist. If one investor could deviate and make his contract senior to
any other, such deviations would be hard to deter.

The above discussion sheds light on the role of covenants in the determination of credit market
equilibria. When the contract space is reduced, as it is the case when only the state of nature can be
contracted upon, a unique equilibrium can be sustained that achieves the monopoly allocation. By
contrast, expanding the contract space creates an indeterminacy that can be explained as follows.
On the one hand, introducing cash-flow contingent covenants increases the ability of investors to
punish deviations, which should enhance competition. On the other hand, cash-flow contingent
contracts make coordination easier, and deter entry of passive investors, which renders all feasible

allocations sustainable.
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The indeterminacy stated in proposition 4 has important consequences for credit market efficiency.
While section 3 determines a unique efficient equilibrium corresponding to the monopoly alloca-
tion, inefficient equilibria can be sustained here (i.e. equilibria such that the allocation C' = (I, R)
is not on ¥). This is the consequence of enlarging the ability of active investors to coordinate. Ac-
tive investors can deter deviations of both passive and active investors, even when the allocation
is inefficient, by offering contracts that trigger low effort in case total investment departs from the
equilibrium one. This result calls for the emergence of institutions to remove such indeterminacy,

or simply increase efficiency.

5 Institutional constraints to support the competitive outcome

One feature of non exclusive competition is that the entrepreneur is able to make "false " promises,
i.e. to accept more contracts than he can afford. In those cases, even before investment is realized,
the entrepreneur knows that he will be bankrupt with certainty. The entrepreneur’s ability to
default strategically influences the nature of competition, because some investors might have an
interest to induce such default, and benefit from it if their claim is senior to that of others.

We now consider that there exists an institution that prevents the entrepreneur from accepting con-
tracts that induce strategic default. Specifically, we assume that accepted contracts must be such
that ), 7(GI; — R;) + GA > 0. This means that the entrepreneur cannot accept contracts such
that the sum of repayments is larger than the maximum achievable cash-flow. One interpretation is
that there exists a credit bureau that registers accepted contracts, and that intervenes after contracts
are accepted, but before production takes place, to cancel all agreements if the above condition
is not satisfied. Together with investors’ ability to write cash-flow contingent contracts, the exis-
tence of such an institution modifies the nature of competition among investors, as stated in the

following proposition.

Proposition 5 The following holds.

(i) If repayments R; are contingent on the total investment I = Y, 1 I; chosen by the en-

trepreneur, and if strategic default is precluded in the sense that accepted contracts are such
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that ) ,.7(GI; — R;) + GA > O, then the competitive allocation C¢ = (I¢, R°) is the

unique equilibrium allocation.

(ii) If only plain debt contracts are allowed, then the monopoly allocation (I, R™) is the

unique equilibrium allocation.

Ruling out strategic default when contracts are contingent on the final cash-flow removes the
equilibrium indeterminacy. Also, compared to the standard case where contracts are contingent
on the success state only, it allows to sustain the competitive allocation at the equilibrium. The
reason is the following: Introducing contingent covenants and precluding strategic default allows
to restore the basic mechanism of price competition. A cash-flow contingent contract allows a
investor to deviate and offer a contract that is uniquely accepted by the entrepreneur. Precluding
strategic default protects the deviator by preventing the entrepreneur from accepting all contracts
and choosing e = L. This situation cannot happen in the case with strategic default because any
investor’s attempt to offer a contract that is uniquely accepted by the entrepreneur is ruled out by
the entrepreneur’s incentive to accept all contracts and shirk. Similarly, such an equilibrium cannot
arise in the case where contracts are contingent on the state only, because each active investor has

an incentive to increase his profit by reducing the investment he offers.

6 Conclusion

to be completed
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Appendix

Proof of Lemma 1
The proof is developed by contradiction. Let C; = (I;, R;) be a contract not traded by the en-

trepreneur at her optimal choice C. If p; < 7(C), then one can directly check that
U(I+1;,R+ Ri,e(I,R)) >U(I,R,e(I,R)).

That is, the entrepreneur always has an incentive to trade the C; contract, without changing her
effort choice. This contradicts that C'is an optimal choice for the entrepreneur. A similar argument

can be used to show that all offers C; with p; > 7(C) are not traded by the entrepreneur.

Proof of Proposition 1.

Let suppose that (1, R1) = (I, R™) and that (I;, R;) = (0,0) for i = 2,...,n. Then, itis a
best reply for the entrepreneur to trade the contract (I, R1) and to select e = H. This in turn
provides her with the reservation utility U (I, R1,e = H) = m1gGA — A. We now argue that
none of the investors has a unilateral incentive to deviate. Since investor 1 is earning a monopoly
profit, only deviations from inactive investors must be considered. Let (I}, R5) be a deviation of
any of these investors, say investor 2.

e Consider first that this deviation induces the entrepreneur to select e = H. In this case, for
the contract (I3, R5) to yield a strictly positive profit it must also be R > 7;] 5. We show that
following any such deviation the entrepreneur has indeed an incentive to select e = L. Let K be
the aggregate allocation optimally selected by the entrepreneur at the deviation stage, and assume
that K € 'H.

We first show that if K € H, then the only contract traded by the entrepreneur at the devia-

tion stage must necessarily be (I}, R}). Assume on the contrary that the entrepreneur buys both
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contracts (I1, Ry) and (I}, R,). Because (11, R;) belongs to the set ¥, we have:

(I +A)

B
G(Ii+ I3+ A) = (R + Ry) = ———— + (G I3 — Ry).

/ 1
By (2), % > p— > G — %. It follows that:

B(I; + A B BIi+ 1+ A
Mjucb_(c_f)bzw,
A AT

G(Il+I£+A)—(R1+R/2)< A
T

ie. (I1 + I}, Ry + Rf) € L. One hence gets: K = (I}, R))) € H.

By continuity, it is always possible to find a i € [0, 1] such that:
T (G(uh +13+A)— (R4 Ry)) = 7 (G(pli+Iy+A)— (uRi+Ry) )+ B(uli + I+ A). (8)

That is, if the entrepreneur took a loan of (I + I}) paying back the amount (uR; + R}) to the
aggregate of investors, she would be indifferent between selecting e = L and e = H (recall that
w < 1because (I1 + I}, Ry + R,) € L).

. R B
Since p1 = AP ye: + —, one gets:

Il L

U(L + Iy, Ry + Ry, e = L) > U(uly + Iy, pRy + Ry e = L) = U(I}, Ry, e = H).

It follows that K = (I}, R}) € H will not be an optimal choice. The entrepreneur selects e = L
which contradicts our assumption.

e Consider next that this deviation induces the entrepreneur to choose e = L (and thus to accept
all contracts) and to default in the success state. Assume first that in case of default after success,
investor 1 is repaid first.

Consider the following deviation by investor i = {2,...,n}. He proposes the array (I}, R,) =

(€, Ry(€)), where € > 2 (I™ 4 A) is chosen to satisfy inequality

BU™ + A+¢) >y (GUI™ + A) — R™) = %(JW+A). ©)
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Under inequality (9) the entrepreneur earns a utility strictly greater than the equilibrium one by
selecting e = L, accepting both contracts and defaulting even in the success state. Fix then € =
A (I™+ A)(1+ gL), with 7 strictly positive, so that (9) is indeed satisfied. The corresponding
total output is:

G+ A+e) = (1m+A)Aiﬁ(wHG+n). (10)

Now, if investor 1 is repaid first, it is impossible for the deviator to break-even, conditional on the
entrepreneur choosing e = L. Formally, the deviator breaks even iff:

T (GU™+A+e)—R™) >e B>(1+GL7T)(1—7TLG), (1)
L

which is impossible since B < 1 — 71.G.

Observe that the same argument holds if defaulted loans are repaid according to some pro rata
rule. Equation (11) becomes 7, G(I"™ + A+ ¢€)(1 — #ﬁﬁe) > € <= 7,G > 1 which is never
satisfied since 77, G + B < 1. This completes the proof of Proposition 1..

Note that it is however possible to sustain a deviation by investor ¢ in case he is repaid before
investor 1. This illustrates how the specification of seniority affects the existence of the equilib-
rium. More precisely, if the deviating investor i is repaid first, it is always possible to choose R,

large enough to guarantee that the entrepreneur defaults in case of success. Then the deviation is

profitable whenever the expected total output is greater than e. That is:
m 1
TGIM™M+A4+¢€) > <— mgG-1<n|—5-1]), (12)
7.G

which is verified for 7 small enough. In that case, the allocation (I,,,; R,,) cannot be sustained in

equilibrium.

Proof of Proposition 2
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Proof of assertion (i).

If C' € U, the requirement is satisfied taking C = C. Consider now that C ¢ U and that for any
allocation C'in £, U(C,e = H) # U(C,e = L). Then, because C is an equilibrium allocation,
we have that U(C,e = H) > U(K,e = L), where K is the aggregate allocation optimally cho-
sen by the entrepreneur when e = L is selected. We now show that any investor whose offer is

accepted has an incentive to deviate from his equilibrium offer.

Let C; be the equilibrium offer of any active investor 4, and suppose he deviates and offers C/ =
(I; + ¢, R; + % + €2), for some strictly positive number e. The deviation, if accepted, increases
the aggregate level of investment. It is also profitable for the investor if the offer C; is accepted
and the effort e = H is selected. Indeed we have that g (R; + % +e2)—I;—e>mgR;—I;. Let
us prove that for ¢ > 0 small enough, the entrepreneur has an incentive to accept contract C and
choose e = H. To ease notations, denote C' = > C; = > ., Cj+Cand C' = 3., C;j+ Cf =
C+ O — C;. Write also C" = (I', R') with I' = I + e and R' = R + ;& + ¢*. Now, since
C € 'H — ¥ we have:

mg(G(I+A)—R) >n,(GI+ A)— R)+ B(I+ A). (13)
See that C’ € H — W if and only if:

m1(G(I+A)—R)+mp(Ge— Wi — %) > (G +A) —R)—|—7rL(Ge—7Ti — )+ B(I+Ate).
H L

(14)

Given (13), a sufficient condition for (14) to hold is:
e[ArG — e — B] > 0.

Recalling that AwrG — B > 0, the above condition is true if € is small enough, and we have
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C' € H — U. We next show that C” is chosen by the entrepreneur. See that:

U(C+Cj—Cie=H) = U _ Ci+Cje=H)
i#]
= 7g(GUI+A)—R)—A+7my(GU, - L) — (R, — R)))
= 74(GUI+A)—R) — A+ ny(Ge— é — &)
> 7g(GI+A) —R)— A

where the last inequality holds for e sufficiently small since 7y G > 1. Therefore, U(C’ e =
H) > U(C,e = H). Last, since U(C,e = H) > U(K,e = L) it follows that for ¢ sufficiently
small U(C' + C! — Cj,e = H) > U(K — C; + C/,e = L). Therefore the offer C/ constitutes

a profitable deviation for investor ¢, which contradicts the claim that C' is an equilibrium allocation.

Proof of assertion (ii).

We proceed by way of contradiction. Suppose that C' € ¥ does not exist. In a first step we show
that the set J of investors who are inactive at equilibrium necessarily contains a investor ;7 who
has proposed an offer C; = (I;, Rj) with G < p; < G + %. In a second step we show that there
exists a profitable deviation for investor j such that the entrepreneur accepts the deviating contract
and chooses e = H. This contradicts the fact that C' is an equilibrium allocation. Formally,

assertion (ii) of Proposition 2 results from the two following lemmas.

Lemma 2 Assume C does not exist. Let J be the set of investors who are inactive at equilibrium
and consider Jo ={j € J : pj € (G,G + %)} Then we have that Jo # ).
Lemma 3 Assume C does not exist and take a investor s € Jo. Consider the contract C! =

(e, % + €2) where ¢ is strictly positive and sufficiently small. C' is a profitable deviation for

investor s and the entrepreneur has an incentive to trade the deviating contract C', and to select

e=H.

Proof of Lemma 2. First note that, if C' € ¥ is impossible then we also have C' ¢ ¥ (if not

C = C € U). Now let J be the set of the investors who are inactive at equilibrium. By assertion
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(i), if C' ¢ W, J is not empty. Indeed, we know that there exists C' € £ such that U(C,e = H) =
U (C’, e = L) and that all contracts accepted when e = H are also accepted when e = L. If J is
empty, C = C and in turn C' € ¥. This contradicts C' ¢ V. We also know from lemma 1 that
each C; contract, with j € J, must be such that p; = % > G. In particular, J = J; U Jo U J3

with:
1. h={jeJ:pj=G}
2. h={jeJ:pe(GG+L)
3. s={jeJ:pj>G+ 2},

Thus C' + Zje 5 G+ Zje J, Cj 1s an allocation which utility is maximum in £ and from (i)
one gets that C' + > ., Cj + 3,5, O = C' (by lemma 1, a contract such that p; < G + %
is always accepted by the entrepreneur with effort e = L). In words, to achieve the allocation
C all contracts offered at a price smaller than G + % must be accepted. It follows that if C
does not exist, Jo is necessarily non-empty. By way of contradiction, assume that J; is empty,

then C = C +

jes Cj- By (i), we have: U(C,e = H) = U(C,e = L). But we also have

U(C,e = H) = U(C + J1,e = H) = U(C,e = H). This implies that C = C' and yields a

contradiction.

Proof of Lemma 3. Let us consider a investor s € .J, and suppose he deviates and offers C?, =
(e, % + €2) for some strictly positive €. The deviation has been constructed to be profitable if

the offer C”, is accepted and the effort e = H is selected by the entrepreneur. First see that the

entrepreneur accepts contract C?. Indeed,

1
UC+Cle=H)>U(C,e=H) & G>— +¢,
TH

which holds for € not too large. We next show that the entrepreneur prefers to select e = H given

the deviation C..
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Consider the limit case ¢ = 0 that is C%, = (0,0). This means that investor s removes his initial

offer. Recall that C' = C' + > jen Cij+ 2 e, Cj- We thus have:

UC+)Y Ci+ Y. Cje=L)<U(C,e=L).
JEN JEJ2,j#s
That is, if investor s withdraws his offer, the allocation C is no more available for the entrepreneur.
If, on the contrary, the entrepreneur chooses e = H, she can still achieve her equilibrium payoff

U(C, e = H). By continuity, for ¢ > 0 small, when investor s offers C; = (¢, ;= + €?), we have:

U(C+C,+ > Ci+ > Cje=L)<U(C,e=L)=U(C,e=H).

JE€N JEJ2,j#s

Recall that U(C + C,e = H) > U(C, H) to establish:

U(C+ClLe=H)>UC+C,+ > Ci+ Y Cje=L)>UC+Cle=L),
JEN JE€J2,j#s
where the last inequality comes from the fact that contracts in J; and Js are always accepted when
e = L. In words, following a unilateral deviation to C’, the entrepreneur has an incentive to trade

the deviating contract and to select e = H, which guarantees that the deviation is indeed profitable.

A consequence of properties i) and ii) is that J is empty. If not, we cannot have U (C,e = H) =

UC,e=H)=U(C,e=1L).

Proof of Proposition 3

Suppose that Proposition 3 is not true. Let C; be a contract of price p; < G which is traded
at equilibrium. This indeed guarantees that the entrepreneur’s payoff is strictly greater than her
reservation utility U (0). We now show that an active investor proposing C; can profitably deviate
and reduce the entrepreneur’s utility. Suppose that investor i deviates to C = (I i— €6, R —e(G—

B)_

A 62) for some strictly positive e. Under assumption (2), if the deviation is accepted and the
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entrepreneur chooses e = H, such a deviation increases investor ¢’s profit for € sufficiently small.
We check below that the deviation is accepted and the entrepreneur chooses e = H.
By Lemma 1, the entrepreneur always has an incentive to trade the C/ contract if p(C?) < G. This

is equivalent to

Ri—E(G—%)—62<G(L’—E)

& Ri—GLi+e(£ —¢€ <0

Since R; — GI; < 0, the above condition holds when e is small enough.

Next, we show that in every continuation game following the deviation to C! the entrepreneur
selects e = H.

Given the offers {C,--- ,C!,---Cn}, we take Z = {i € N\.J;} to be the set of active investors
at the equilibrium.

Then, the agent maximizes his utility in £ when buying all contract of price less than G, plus
all contracts of price GG. Indeed, by Proposition 2, Jo is empty: No contract can be offered with

pe(GG+ %). The set of such contracts is
ZC’i-I—ZCj:C'—CZ‘-i-CZ(.
€L jeN
See that
U(C—Ci+C£,GZH)>U(C’—C¢+CZ{,6:L)

& WH{G(I:—E)—(R—E(G—%)—GQ)} >WL{G(f—e)—(R—e(G—%)—62)}+B(f—e)

& €2 > 0.

The entrepreneur’s maximal utility when e = L is strictly lower than his utility when e = H.
Any other feasible allocation, by adding contracts of J3 and by subtracting contracts in J; or in 7

reduces the entrepreneur’s utility. Therefore, following the deviation C/, the entrepreneur strictly
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prefers to choose e = H: No contract with p < G can be offered at equilibrium.

Proof of Corollary 1.

The proof is developed by contradiction. Given the equilibrium offers’ array {C1,--- ,Cn}, we
take C' = (I, R) to be the corresponding loan-repayment pair supported at equilibrium. It follows
from proposition 1 that there is a non-empty set of investors J; proposing contracts of price G
which are not traded at equilibrium. Let s € J; be one of these investors, and suppose he deviates
towards the alternative offer C, = (e, % +¢2) for some strictly positive €. The deviation has been
constructed to be profitable if the offer C/ is accepted and the effort e = H is selected. Following

the same reasoning developed in Lemma 3 one can show that there is indeed a profitable deviation.
|

Proof of Proposition 4.
Let C = (I, R) € H be a feasible aggregate allocation. Define Ie R, as the investment level
such that

m|G(I + A) — R] = B(I+ 1 +A). (15)
According to equation (15), the entrepreneur obtains the equilibrium utility if he borrows Iin

addition to the equilibrium investment I, chooses e = L and is left with his private benefit only.

Recall that R < G and see that i> 0:
Bl=7my[GUI+A) — R —B(I+A)>r[GUI+A)—R] >m,GA>0 ¥(I,R) € H.

The equilibrium we construct involves a large number of both active and inactive investors. Con-

sider in particular the following profile of strategies. investors 1,2, ..., M offer:

(&, 2) if the total investment is

(4, 2=) if the total investment is (MA}UI (16)

M
(ﬁ,G(f+ A)) if the total investment is I ¢ {W,I}
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where R is defined by:

M—-1

mu[G(I + A) — R] = mx[G( I+ A)-R], (17)

which implies R= R — L.

Each of the investors M + 1, ..., N proposes the pair (]\/3\47 G(f + A)) vi e Ry.

Let us show that these strategies constitute an equilibrium in which the entrepreneur accepts the
offers of investors 1, .., M, rejects those of investor M + 1,..., N and selects e = H. Therefore,
only M investors are active. To prove that this is indeed an equilibrium we postulate that following
any deviation, the entrepreneur keeps her equilibrium choices whenever indifferent. In addition,

we specify that if default takes place, she first repays all non-deviating investors. Last we assume

that the moral hazard problem is severe enough in the sense that:

G < (1+B) (18)
TH

1. We first show that given the investors’ offers, it is a best reply for the entrepreneur to accept
the proposals of investors 1, ..., M and to reject those of investors M + 1,..., N. Following the
equilibrium strategy, the entrepreneur obtains the payoff 7 [G(I + A) — R] > wy G A. See that no
other portfolio choice associated to e = H provides the entrepreneur with a strictly higher payoft:
indeed, accepting M — 1 contracts yields the same utility for the entrepreneur. Accepting any of
the N — M contracts triggers e = L. Accepting less than M — 1 contracts also triggers e = L.
Next, see that the entrepreneur cannot increase her utility by choosing e = L and accepting all
N contracts. She then obtains an aggregate loan of I+ Iand a utility level of B(I + I +A) =
mu|G(I + A) — R], by (15).

2. We next show that given the equilibrium strategies, none of the inactive investors M +1,..., N
can profitably deviate.

e Consider an inactive investor j. Let us establish that he cannot propose a deviation (I ]’~, R;)

such that only his offer is accepted out of equilibrium. Define (7, ) as the investment-repayment
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pair that lies at the intersection between the zero-profit line (of investors) of slope % and the

ey . . ) mg(GI — R
entrepreneur’s equilibrium indifference curve given (I, R). Check that i = H(Gl) and
) THG —
1 . . . e
r = —. Denote also (is,ry) the intersection between the entrepreneur’s indifference curve and

TH
¥, and (ip,7p) the intersection between the zero-profit line and W. Any deviation (I, 1) that

(weakly) increases the profit of investor 7 and (weakly) increases the utility of the entrepreneur if
only (I}, R}) is accepted must lie in the triangle defined by (4,7), (ir, 1) and (ip,rp). We show
below that any such deviation induces the entrepreneur to accept all contracts and exert e = L if
N is sufficiently large.

To do so, we prove that, if N — M is large enough then the function

o N—-M-—-1
(I, Ry 1 R) = g (GU + A) — R)) — B (1; +I+IN_M+A>

is negative at (¢,7). This will imply in turn that F' is negative at any point in the triangle
(4,7), (ir,71), (ip,7P) Which corresponds to the set of admissible deviations (I}, R;). Consider
therefore that investor j deviates and proposes the pair (i, r), the entrepreneur prefers to choose

e=Lif:

7 (Gl A) =) = B (i+ I+ 1 N1 4 4) <0

<= B <z — NEM> > 0. (19)

We use then the definitions of i and I to rewrite (19) as:

7u(GI—R) _ GU+A)~R
TG — 1 a B

(N — M) +(I+A)>0. (20)

If N — M is large enough, then (20) is satisfied for all feasible allocations (I, R): F' is negative

at the point (7, 7). Next, see that for a given I/, the minimum value of R; such that the deviation
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is in the admissible triangle (i, 7), (i1, 71), (ip, 7p) is defined by R} = 7{—;1 and observe that

dF
ﬁ b :7THG—1—B<O (21)
J R;:ﬁ
I

This yields that F'(I}, R7; I, R) < 0 for any pair (I}, -2-) with I} > 4. Finally, because F' is also
decreasing in R} one gets that I is negative at any point in the triangle (i,7), (ir,71), (ip,7pP).
Thus, for every feasible allocation (I, R) there always exists a sufficiently high number (N — M)
of inactive investors such that none of the inactive investors has a unilateral incentive to deviate as
long as the entrepreneur accepts only his offer out of equilibrium.

e Let us now establish that no inactive investor j has an incentive to deviate so that the entrepreneur
trades several contracts out of equilibrium. For a deviation to be profitable, the entrepreneur must
choose e = H following the deviation. This is because the deviating investor is repaid after
the others in case of default. This can only happen if the aggregate investment selected by the
entrepreneur at the deviation stage is either I, or % In all other cases, the entrepreneur
optimally chooses e = L since all the cash-flow is paid to investors.

It follows that only a subset of the active investors’ offers will be traded out of equilibrium (and no
offer from passive investors). Let (/' J’-, R;) be a unilateral deviation by investor 7, and let m < M

be the number of additional contracts which are traded following the deviation.

We first consider the case where the aggregate level of investment is equal to I, we must have:

o, m ; M —m
[=L+2] — Ij==——"I (22)
If the deviation (I}, R}) is profitable then,
[G(I+A) R mR] >B(I+1+A+T i 23)
= T M ITN-M)"

31



which, given (15) and (22), corresponds to

M - I
T (1—m)R—Rg}>B( ULy )

M M N-M

I M—m M
B BI — g 24
= N—M> Vi ( 7THR—|—7THR]M_m> 24)

The deviation (I}, ;) is admissible for the inactive investor j and therefore satisfies Rimpy > I}

Thus, if (24) holds then we have necessarily

I M — M
B > m(BI—TrHR+I]’. >

N-M M M—-m
which, using (22), yields

i M—-—m
BN—M > % (Il1+ B) —wgR). (25)

Since R cannot be greater than G1I, it follows from (18) that I(1 + B) — 7y R > 0. Thus,
If N — M is high enough, (25) does not hold, this in turn contradicts (23) and there exists no
profitable deviation.

We now consider the situation where the aggregate investment chosen at the deviation stage is

M—-1
equal to <M> 1. The corresponding J’ is such that:

M-—-1 m M-m-—1
I=I+—1I I'=———F—— |1 2
< i > i+ i — I ( % > (26)
with m < M — 1. A necessary condition for the deviation to (1 J’~, R;) to be profitable is

o o i
R}>B(I+I+A+I§— > (27)

M-1 , m
7TH|:G< A I—i—A)—Rj—M_l N
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which, given (15), corresponds to

o

M—-—m-1 GI
B BI: — — (R — — R, 28
Y A A V) ( M)J”THJ (28)
M—-—m-—1 M—-—m-—1

Using 7y R}, > I and (26) together with the fact that Mi?ill (R %) < ]\T; GI

because R < (GI, we deduce from (28) that
I M-—m-—1
B I(1+B-— . 2
Noam o w LA+ BommG) 29)

The (RHS) of (29) is positive because of (18) from which it follows that if N — M is large enough,
(27) is violated and there is no profitable deviation. This concludes the analysis of deviations by
passive investors.

3. We now turn to the proof that no active investor (1,..., M) can profitably deviate. Consider
any of the investors who is active at equilibrium, say the k-th one.

e Consider first the situation where only the offer (I, R}.) of investor k is accepted out of equi-
librium. Let us reformulate (4,7) as the investment-repayment pair that lies at the intersection
between investor k’s profit line and the entrepreneur’s equilibrium indifference curve. Similarly,
define (ir,77) the intersection between the entrepreneur’s indifference curve and U, and (ip,rp)

the intersection between investor k’s profit line and W. See that:

7 [G(I + A) ;% R] =I7TH [G(i+4) =] (30)

THr — 1 =TH— — —

M M

GI—R+ (1/M)(R—1/7g)
G—1/rg
F(I,R;I,R) = ng (G(I,+ A)—R,) — B (I,’C +I+1 —L+ A> is negative at each point

It follows that 7 = . As before, we need to show that the function

in the triangle (i,7), (if,77), (ip,rp). To prove this, we first show that F' is negative at (7,r).
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Assume that investor k deviates and offers (i, ), the entrepreneur prefers to choose e = L if:
. ° T 1
7 (G(i+A)—r)—B I+I+A+Z—M =-B Y <0. (31)

Given the definition of 4, (31) can be rewritten as:

(GI —GR_) (1— ) >0,

TH

(32)

which is always satisfied since GI > R.

Next, see that for a given [ ,’C, the minimum value of R;C such that the deviation is in the admissible

L+Vv
TH

triangle (i,7), (ir,77), (ip,7p) is defined by R;- = where V' represents the equilibrium

profit of investor k. See that:

dF
Sl —auG-1-B<o. 33)
dfy Ri="r

This yields that F'(I;,, R};I,R) < 0 for any pair (I, I’/j:iv) with I}, > 4. Note also that F is

decreasing in R;. This yields that F' is negative at any point in the triangle (i, 7), (i1, 71), (ip, 7P).
It follows that none of the active investors has a unilateral incentive to deviate if the entrepreneur

accepts only his offer out of equilibrium.

e Consider next the situation where an active investor k deviates and the entrepreneur trades several
contracts out of equilibrium. As before, for a deviation to be profitable, default should necessarily

be avoided. This can only happen if the aggregate investment selected by the entrepreneur at the

deviation stage is either I, or (M%)I

We first consider the situation where such aggregate investment is set equal to I. Let m be the
M—-m

1.
M

number of additional contracts which are traded following the deviation, we have: I} =

A necessary condition for the deviation to be profitable is

. I
. G(I+A)—R;—%R > B(I+1T+A+ I - )
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or equivalently using (15),

M—m —1

M—m
B—— 1. 4
R| > i (34)

TH *R;€+

The deviation (I}, R}) is admissible for the active investor k and thus satisfies Ty R) — I, >

T — L. It follows that, if (34) holds then, necessarily

M-m-1 M—m—l(

TR > B+1)I,

which is never satisfied given (18).

M-1
Finally, if the aggregate investment chosen at the deviation stage is equal to <M> 1, we have

_M—m—l

I, i

1. A necessary condition for the deviation to be profitable is

I m o o I
I+A-——)—-—R — B(I+I1+A+1, — —
TH [G< + M) R, M—IR} > B(I+1+A+ I, M)’

equivalently, using (15) and the definition of R,

GI M-m-1 / M—-—m-2
WH[—(M—m—l)M(M_l)-i— 1 R—Rk]>BI<M) (35)

The deviation (I}, R},) satisfies T R}, — I}, > Ty — 4. It follows that if (35) holds then

necessarily,
M—-—m-—2

M—-1 (36)

T {R—]\ZGI} > (B+1)I (M_Mm_2>

Observe that the (LHS) of (36) is lower than WH%GI , so that given (18), the inequality
(35) cannot be satisfied. This completes the proof that any allocation C' = (I, R) € H such that

Rc [%I , GI| can be supported at equilibrium.

Remark: The above proof therefore shows that there exists a seniority rule that supports the equi-

librium allocation (16). Interestingly, the same result holds if defaulted bonds are repaid pro rata.
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To prove this let us first consider an inactive lender j who deviates and thus proposes (e, I’ (¢))
such that the borrower earns a utility strictly greater than the equilibrium one by selecting e = L

accepting all contracts and defaulting even in the success state. Formally € satisfies

N—-M-1- 0
or equivalently, using (15)
N i
>N

In a pro rata environment, the deviation is profitable for the lender iff

N — M > €

N-M-1: I+ A+ MM
- G<I+A+I+e> - NI
T+ A+ ML T e
that is iff 77,G > 1. This is however never satisfied since 1;G + B < 1.
Second let consider an active lender j who deviates and proposes (1 }, R;) Observe that, necessar-

ily, 1 J’ >1I; = ﬁ Indeed, if it was not the case, because of Equation (15), the borrower’s utility

at the deviation stage would be lower than her equilibrium utility. Formally,

M_l o o
B( = 1+A+1+I;> <B(I+A+1) =rmu(GI + A) - R).

It thus follows that I/, = ﬁ + € with ¢ > 0. This in turn implies that, under a pro rata rule,

the deviating lender breaks even iff 7;,G > 1. As already emphasized this latter inequality is

impossible.

Proof of Proposition 5.
The proof follows the standard logic of price competition. Let C' # C* be a equilibrium allocation
where the entrepreneur selects e = H. Consider first the situation where investors are earning a

strictly positive profit at equilibrium, which implies that R > il . Take any of the investors
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earning the smallest profit at equilibrium (the same logic goes through if one considers a deviation

by a passive investor), say the ¢-th one, and suppose he deviates proposing:

(I,R)) = (I,R—¢) if the aggregate level of investment is [

(Il,R)) = (I,G(2I — I+ I +A) if the aggregate level of investment is # 1,

where € has been taken to be small enough. The deviation guarantees that investor ¢ earns (almost)
the aggregate equilibrium payoff. The entrepreneur has a clear incentive to accept the offer, since
she can achieve a payoff strictly greater than the equilibrium one, and to accept only investor ¢’s
offer: any alternative choice would indeed induce her to reject the offer of investor ¢ (because
strategic default is ruled out). Also, the entrepreneur clearly selects e = H at the deviation stage,
which guarantees that the deviation is profitable in the first place.

If aggregate profits are zero at equilibrium, i.e. if R = %I , it is always possible for any of the

investors, say the ¢-th one, to profitably deviate proposing:

(I}, R)) (I+¢ R+ Ge?) if the aggregate level of investment is /

(I,R)) = (I+e6G2I+e—I+ I +A)) if the aggregate level of investment is # I,

where € has been taken to be small enough. The deviation guarantees that investor ¢ earns a strictly
positive profit if e = H is chosen. The entrepreneur has a clear incentive to accept the offer, since
she can achieve a payoff strictly greater than the equilibrium one. In addition, the optimal level
of investment she will be trading at the deviation stage is exactly I]: any alternative choice would
indeed induce her to reject the offer of investor <. It follows that e = H is selected at the deviation
stage, which guarantees that the deviation is profitable in the first place. Assertion (i) is proven.

Assertion (ii) directly follows from the proof of Proposition 1.
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