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A b s t r a c t  Choquet  expected utility maximizers tend to behave in a more 
"cautious" way than Bayesian agents, i.e. expected utility maximizers. We 
illustrate this phenomenon in the particular case of bet t ing behavior. Specif- 
ically, consider agents who are Choquet  expected utility maximizers. Then, 
if the economy is large, Pareto optimal allocations provide full insurance 
if and only if the agents share at least one prior, i .e.,  if the intersection 
of the core of the capacities representing their beliefs is non empty. In the 
expected utility case, this is true only if they have a common prior. 

K e y w o r d s  : Betting, Choquet  expected utility, full insurance, Pare to  opti- 
mality 

1 I n t r o d u c t i o n  

It is widely believed tha t  the principal source of bet t ing is differences in 
beliefs. As in the classical (theoretical) example of horse lotteries, people 
who do not agree on probabili ty assessments will find it mutual ly benefi- 
cial to engage in uncertainty-generating trade. A less widely noted fact is 
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that ,  in a Bayesian setting, any disagreement induces betting. Hence, in the 
Bayesian model of expected utility, any difference in beliefs leads agents to 
bet  against each other. Optimali ty dictates either tha t  there be no bet t ing 
(in case beliefs are common to all agents) or that  there be  bet t ing (in case 
of disagreement). 

This, we argue, is difficult to reconcile with the fact that  very little 
bet t ing is observed on all the possible sources of uncertainty that  we face. 
In this paper we argue that  vagueness of the  beliefs might be  an explanation 
for this observed rarity of betting. While it is not our aim to explain the 
full complexity of bet t ing behavior by the type  of models we s tudy here, we 
are led to ask, how much can be  explained by these models if we relax some 
of the more demanding assumptions of the Bayesian model. 

Specifically, consider Schmeidler's non-additive (Choquet)  expected util- 
ity (Schmeidler [1989]) tha t  capture Knightian uncertainty (Knight [1921]). 
Considering not necessarily convex capacities, we provide a characterization 
of capacities whose cores have a non-empty intersection. We show that  if 
there is a prior that  belongs to that  intersection, then all optimal alloca- 
tious provide full insurance. But  it may be the case tha t  the cores of the 
capacities do not intersect, yet some and even all optimal allocations pro- 
vide full insurance. Yet, if the economy is "replicated", i.e., if we consider a 
continuum of agents of each type,  the equivalence result is reinstated. Thus, 
for large economies commonality of beliefs is still necessary and sufficient 
for some, or all Pareto optimal allocations to entail full insurance. 

In Billot, Chateauneuf, Gilboa and Tallon [2000] we t reat  the same prob- 
lem in the multiple prior model of Gilboa and Schmeidler [1989], which 
includes the Choquet expected utility model with convex capacities. The 
results in the present paper cannot  be deduced from results in the multiple 
prior model as no convexity assumptions on the capacities are made here. 

The rest of this paper is organized as follows. Section 2 provides the set 
up of the model. In Section 3 we s tate  the main result. Proofs are gathered 
in an appendix. 

2 S e t - u p  

The economy we consider is a two-period pure-exchange economy with un- 
certainty in the second period, and Choquet  expected utility maximizers. 

There are k possible states of the world in the second period, indexed 
by superscript j .  Let S be the set of states of the world and .4 the set of 
subsets  of S. There are n agents indexed by subscript  i. We assume there 
is only one good, say money. C~ is the consumption by agent i in s tate j 
and Ci = ( C ~ , . . . ,  Ck). Initial endowments are denoted wi = (w~ , . . . ,  wk). 
Denote  by wJ n �9 = )-~i=1 w~i the aggregate endowment in s ta te  j .  We make the 
assumption that  there is no aggregate uncertainty throughout  the paper. 
More formally, uP = uP' _= w for all j ,  j~ E S. Thus trading an uncertain 
asset is interpreted as bet t ing rather than as hedging. 
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An a l locat ion C = (C1, . . . ,  Cn) is feasible if ~-~=1 C~ = w for all j .  

An al locat ion is interior  if C{ > 0 for all i, all j .  A feasible a l locat ion is a 

full insurance a l locat ion  if C{ = C (  for all i and all j ,  j~. Finally,  say t h a t  
an al locat ion is Pa re to  opt imal  if it is not  possible to  improve an  agen t ' s  
welfare w i t h o u t  decreasing another  one's. 

As we focus on Choque t  expected ut i l i ty  agents,  we assume the  exis- 
tence of a u t i l i ty  index Ui : ~ -* ~ t h a t  is cardinal,  i.e., defined up to  a 
positive afline t r ans format ion .  Unless otherwise s ta ted,  Ui is t aken  to  be dif- 
ferentiable, s t r ic t ly  increasing and  str ict ly concave. Before formal ly  defining 
Choquet  expected  u t i l i ty  model (CEU henceforth),  we need to in t roduce  
the not ion of a capac i ty  and  its core. 

A capaci ty  is a set funct ion v : ,4 --* [0, 1] such t h a t  v(0) = 0, v(S) -- 1, 
and, for all A, B E .,4, A C B ~ v(A) < v(B). We will assume t h r o u g h o u t  
tha t  the capacit ies  we deal wi th  are such t h a t  1 > v(A) > 0 for all A E .4, 
A # S, A # 0. This  technical  restrict ion is needed in the proof  of propo-  
sition 1, used in the  proof  of theorem 2, which relies on a result  proved in 
Chateauneuf ,  D a n a  and  Tallon [2000] requiring this  restriction. 

A capaci ty  v is convex if for all A , B  E `4, v(A U B) + v(A A B) > 
v(A) + v(B).  

The core of  a capaci ty  v is defined as follows 

c~ = { 7r E lRk+ ' Z Trj = l and zr(A) >-v(A)' VA E 

where ~r(A) = ~-~qea lrJ. Core(v) is a compact ,  convex set which m a y  be  
empty. Since 1 > v(A) > 0 VA E A, A # S, A # 0, any ir E core(v) is such 
tha t  7r >> 0.1 

We now tu rn  to the  definition of the Choquet  integral of f E ]RS: 

I f I5 f a y  =- E , ( f )  = (v ( /  > t) - 1)dt + v ( f  > t)dt 
o o  

Hence, if f J  = f ( j )  is such tha t  f l  < f2  < . . .  < fk :  

k - 1  fla, = [ v ( { j , . . . , k ) )  - v ( ( j  + 1 , . . . ,  k))]  + v ( { k ) ) f  k f J  
j = l  

As a consequence,  if we assume t h a t  an agent  consumes C j in s t a t e  j ,  and  
tha t  C 1 < . . .  < C k, then  her preferences are represented by: 

V ( C )  = [1 - v ( { 2 , . . , k } ) ] U ( C  x) + . . .  

+ [v({j, .., k}) - v({ j  + 1, .., k})] U(C j) + . . .  + v ({k} )U(C k) 

It is well-known t h a t  when  v is convex, its core is non-empty  (Shapley [1965]) 
and the  Choque t  integral  of any  r andom variable f is given by f f d v  = 

Say ~r >> 0 if 7r ~ > 0 for all j .  
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min~ecore(~) E # f  (R.osenmueller [1972] and Schmeidler [1986]). It is also 
well-known tha t  when u is not convex bu t  has a non-empty core, f / d r  ~_ 
min#ecore(~) E~ f . 

3 T h e  m a i n  r e s u l t  

We show in this section that  some commonali ty of beliefs is sufficient to 
ensure that  the set of Pareto optimal allocations equals the set of full in- 
surance allocations. The converse of this result is valid only if the economy 
is replicated an infinite number of times. 

We start  with a characterization of non-empty core intersection. 

T h e o r e m  1 Let u : , . . . ,  un be capacities. Then, the following are equivalent: 
(i) n, coreO,O # 
(ii) For every collection o$ events and corresponding non-negative num- 

bers, 

n t i  

(A:)i=I ..... n;t=l...,ti' (~ ..... n;t=l...)ti satisfying ~ ~ .:IA: = lS, 
i = l  t = l  

n t i  

it  is t. e that <_ 1. 
i = 1  t----1 

(iii) It is impossible to find events A~, and numbers ot~ >_ 0 and fl~ >_ O, 
i = 1 , . . . , n ,  t = 1 . . . , t i  such that: 

t (A~) > f ~  Vi, t and > /or somei ,  t C~ i V i  
(*) t, )-~t=: a: lA~ = lS  

Et=l/ , > 1 

The equivalence (i) .' '.. (ii) is a generalization of the  Shapley-Bondareva 
(Bondareva [1963], Shapley [1967]) theorem characterizing non-emptiness of 
the core of a single capacity (transferable utility cooperat ive game in their 
context).  2 Par t  (iii) is merely a re-statement of par t  (ii) that  helps eluci- 
dating its economic interpretation: assume tha t  (iii) does not hold, that  is, 

t and ~ satisfying (,) .  The  condition t t t tha t  there are AI, c~ i > 

says that  an agent with beliefs vi and a linear utility function will be will- 
t if A~ occurs, for a sure payment  ing to trade a bet  promising a payoff c~ i 

of f~. If this condition holds with strict inequality for some i, t, then for a 

2 Recall that a game (capacity) u, has a non-empty core if and only if it is 
balanced, that is, for every collection of coalitions (events) and corresponding 

T 

non-negative numbers, (At)t=l...,T, (at)t=L..,t satisfying ~ a t l A t  = IS, it is 

T 

true that ~-~atu (At) < 1. 
t = l  
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small enough sum the agent will prefer taking this bet to a full insurance 
allocation even for a strictly concave utility function. 

The second condition in (*) states that  the bets t t ai-on-A ~ offered to the 
agents, add up to a risk-flee investment tha t  costs 1 unit  at every s tate  of 
the world. Finally, the third condition implies that  the payments  made by 
the agents for the various b e t s , / ~  add up to 1 or more. 

Taken together, it is tempting to endow part (iii) with a no-Dutch-book 
interpretation: should it fail to hold, a bookie could offer a bet a~-on-A~t t 
to individual i for a sum /~. Since a strict inequality holds for some i, t, 
the corresponding f~ can be slightly increased. Such a bookie will make a 
profit with certainty. Alternatively, one can let the individuals t rade bets 
among themselves and show that ,  if a bookie could make a sure profit, the  
allocation was not Pareto optimal to begin with. 

However, this interpretat ion is inaccurate. The inequality a~v~(Ai)t t >_ ~t 
implies tha t  an agent with beliefs vi, holding a risk free allocation, would 
prefer to bet on A~ at these odds. But it does not mean tha t  such an 
individual would take this bet after having taken other bets of this nature.  
If theorem 1 were t rue with ti <_ 1 for all i, the problem would not arise. 
Also, if all agents had convex vi, one can show tha t  successive bets may be 
replaced by a single bet  (with several payoff levels). However, for ~i tha t  are 
not necessarily convex, the interpretation of condition (iii) is more subtle. 
Specifically, assume tha t  there is a continuum of agents of each type i, where 
types are defined by (Ui, ~i). Then, one may re-interpret condition (iii) as 
suggested above, where no single individual is asked to bet on more than  
one event. 

To sum, a non-empty intersection of the cores will suffice to make every 
full insurance allocation Pareto optimal, and vice versa (proposition 1 be- 
low). But if the cores do not intersect, the two sets of allocations need not 
be disjoint. Moreover, they can be identical (examples 1 and 2). Intuitively, 
this follows from the fact tha t  a Choquet expected utility maximizer who 
is characterized by a non-convex capacity is even more uncertainty averse 
than might be suggested by the core of her capacity. 3 However, with a con- 
t inuum of agents of each type, the set of Pareto optimal allocations and of 
full insurance allocations are identical if the cores of v~ have a non-empty 
intersection, and they  are disjoint if this intersection is empty (theorem 2). 

P r o p o s i t i o n  1 Let agents be CEU decision makers. Assume that 
n~core(vi) # 0, then an allocation is Pareto optimal i f  and only i f  it provides 
full insurance. 

The fact tha t  Pareto optimal allocations provide full insurance is propo- 
sition 7.2 in Chateauneuf,  Dana and Tallon [2000]. The proof of the converse 
can be found in Dana  [1998]. 

The converse to this result is not true when there are a finite number of 
agents, as the two following examples show. 

3 This does not mean that such a decision maker is more uncertainty averse in 
any qualitative sense than is a CEU maximizer with a convex capacity. 
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Example 1 Consider an economy with two states c~ and f~. There are two 
agents with utility indices U1 and U2 tha t  satisfy all the maintained assump- 
tions. Assume vl(~) = ul(/~) = 2/3 and u2(c~) = v2(fl) = 1/4. Note tha t  
core(vl) = 0 and thus, trivially, Nicore(vi) --- 0. However, Pareto optimal 
allocations are full insurance allocations, and vice versa. 

Indeed, suppose not and assume, w.l.o.g. C~ < C~ and therefore C~ > 

U 1 (C~,C1 ~) -~ 1U 1 (C~) -~ 2U 1 (C1 ~) 

c f  ) : (cr) . (cf ) 

LetC1 = ~Cll a+43_Cf andC2 = ~C21 a + ~ C ~ . 3  ~ The  allocation givingCi  

to agent i (i = 1, 2) in both states is obviously feasible. Furthermore, 

v, (r > 
2 

Similarly, 

3 
v2 c , )_ -  > v ,  

Hence, giving Ci to agent i in both states Pareto dominates the allocation 

((C~,  C~), (C~, C2) ) . We can therefore conclude that,  at a Pareto optimal 

allocation, agents are fully insured. Conversely, this also implies that  any 
full insurance allocation is Pareto optimal. O 

The next example does not rely on an agent 's core being empty. 

Example 2 Suppose there are three states and two agents. Agent l 's  beliefs 
are represented by the following capacity: Vl (j)  = . 1, j -- 1, 2, 3, ~1 (12) -- .6, 
~1(13) ----- v1(23) = .7 and u1(123) -- 1. Agent 2's beliefs are given by: 
v2(j) = .1, j = 1, 2, 3, v2(23) = .6, u2(12) = v2(13) = .7 and u2(123) = 1. 

It is easy to check that  core(~l) = {(.3, .3, .4)} and core(v2) = ((.4, .3, .3)} 
and therefore they do not intersect. 

It is also straightforward to see that  these capacities are not convex. For 
instance, Vl(13) + u1(23) = 1.4 > v1(123) + Ul(3) -- 1. 

Now, s tar t  from a full-insurance allocation. To show that  this is a Pareto 
optimal allocation, it is enough to show tha t  there is no feasible trade, 
summing up to zero, that  would improve both  agents' welfare. This can be 
checked directly as follows. Let xJ be the amount  received by agent 1 in state 
j. To ensure feasibility, the amount received by agent 2 must equal - x J .  A 
tedious but  straightforward computation 4 shows tha t  it is impossible to find 

4 One essentially has to check all six possible orders on (x 1, x 2, xS). 

C2 ~. We have: 
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triplets x = (x l ,x2 ,  x 3) such tha t  E~,,x > 0 and Ev2( - x )  > O, unless both  
inequalities are satisfied as equalities. 

Similarly, one can prove tha t  all Pareto optimal allocations are full in- 
surance. Indeed, any allocation C is (weakly) preferred by bo th  agents to 
its order permutat ion (satisfying C11 < C~ < Via), and if Cl  3 > C 1, this 
allocation will be Pareto improved upon by smoothing consumption across 
states. 

Observe finally tha t  if the capacities were convex, with the same capacity 
for non-singleton sets, then the agents would give some weight to singletons. 
Agent 1, for instance, would have to give weight at  least .4 to s tate  3, and 
this would allow a full insurance allocation to be improved upon. <> 

The two examples above show tha t  the converse to proposition 1 is not 
true. However, if we replicate the economy, non-empty core intersection 
becomes a necessary condition ensuring that  Pareto optimal allocations are 
full insurance allocations. 

For the next theorem we assume that  there is a continuum (i - 1, i] of 
agents of type i, who share a capacity vi, a utility Ui and an initial endow- 
ment wi. An allocation is a measurable function from the set of individuals 
(0, n] to IR+. For simplicity, we consider only allocations tha t  assume finitely 
many values. 

T h e o r e m  2 Under the above conditions, the following are equivalent: 
(i) There exists an interior Pareto optimal allocation C such that C~ = 

. t  

C~ for all i and all j ,  j~. 
(ii) At  any Pareto optimal allocation C, Cii = C ( f o r  all i and all j, j ' .  
(iii) Every allocation C with Cii = C (  for all i and all j ,  j '  is Pareto 

optimal 
(iv) n core(v ) # 0 

4 C o n c l u d i n g  c o m m e n t s  

In this paper, we have argued tha t  vagueness of the beliefs can partially 
explain why we observe little bett ing on different sources of uncertainty, 
such as for instance the  arrival time of a bus, the number of red cars and so 
on. Our result is based on the assumption that  agents behave as Choquet  
expected utility maximizers, a generalization of the s tandard expected util- 
ity model. This model allows to represent agents' beliefs via a non-additive 
probability or capacity. We showed tha t  if there exist additive beliefs com- 
patible with all the agents '  capacities, then the absence of bet t ing is opti- 
mal. The converse is t rue  under the assumption tha t  there is a continuum 
of agents. 
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A p p e n d i x  

Proof  of  theorem 1: 
We first establish that  (i) -'. ~- (ii). 

t and "y are multipliers): Consider the  program (in which a i 

Min 0.p 
k " Ej=I P$SjeA: ~ ui(A~) VA~ E ,4 (a~) 

k s.t. ) - ~ j = l ~  = 1 j = 1 , . . . , k  (7) 
r a > 0  

Observe that  this program is feasible if and only if Oicore(vi) ~ 0. Consider 
now its dual: 

n E t = I  oqvi(Ai) + 7 Max~,7  )-'~i= 1 t, t t 
~"~t i  t e  t 

s.t. )-~=1 2-,t=x ai~  + 7 < 0 j = 1 , . . . ,  k (pJ) 
t > 0  

The primal is feasible if and only if the dual is bounded. We claim that  the 
dual is bounded if and only if it is bounded by 0. Indeed, suppose it is not 
bounded  by 0, i.e., there exists a t > 0 and 7 such that  )-~i=ln )-~t=lt' a iu i (Ai)  + t  . t 

7 > 0 and Ei=I  ti n ~-~t=l a~ la~+71S  <-- O. Then, (Aa~, ~7) is feasible and yields 
a larger amount  if )~ > 1, a contradiction. 

Hence, the primal is feasible if and only if for all a t and ~/such that  
a~v~(A,) +-y _< 0. n E t = I  o t~ lA:  -t- 7 1 S  < 0, o n e  has Ei----1 E t = l  t t Ei,= 1 tl n tl 

One can normalize 7 = - 1  without  loss of generality. Indeed, if 7 > 0, 
�9 t > 0 .  i f the  condition )-']~'=1 )-~:x aI1a$ + 7 1 s  < 0 cannot hold with a~ _ 

7 = 0, then a t  = 0 for all i and t and the condition is trivially satisfied. If 
7 < 0, then the program is homogeneous in a and 7 and there is no loss of 
generality in setting 3' = -1 .  

Hence, this establishes that: 

n ti n ti [ . ,x . ,  <  EE., ,(a,) < 1] n,core(v,)-Tz=O.' :- ~ t 'v ' 
i=1 t = l  i=1 t = l  

Finally, since a~ > 0 and all events A t are considered, the condition in the 
square brackets holds if and only if it holds whenever its antecedent holds 
as an equality, i.e., 

n t i  n t i  

....[2z zzo'  ' ] nicore(vi)  r 0 ' ' a~lA] = 1S i i (Ai)  < 1 
i=1 t = l  i=1 t = l  

We now establish that  (ii) .'. '.- (iii). 
First,  suppose (ii) is true but  there exists (A~), ( fF) ,  (a~), i -- 1 , . . . ,  n 

and t = 1 . . . , t ,  such that  ( , )  holds. Then, ~ : x  E;:I a~lA: 1S and 
n ti n ti 

E i = I  )--~-t=l ~iui(Ai)t t )> E i = I  E t = l  ]~it > 1, a c o n t r a d i c t i o n .  
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To prove the converse, assume (ii) is not true. Then, there exist (A~), (a ,  t-) 
n ti = ~"~t=l a i v i (A i )  > 1. Now choose, such that  )-~i=1 )-~t=l a~lA[ lS  and ~ = 1  t~ t 

in violation of (iii), fl~ such that: 

t t 0 <_ Bt < aiui(Ai) Vi, Vt  
~t=a  ~i = 1 

t t 1. w,~ v , t ,  a iu i (A i )  > _  _ Observe that  it is possible to construct such fit since z_~i=lZ-,t=l 
O 

Proof of theorem 2: We prove that  

(iv) '.- (ii) '.. (iii) ===~ (i) ~ (iv) 

The first three steps follow the logic of proposition 1. We are left with 
(i) ;. (iv). 

Let (Ci)i=l ..... n be a Pareto optimal allocation, such that  all agents of 

type i consume identical bundles and C~ = C~' for all j , j ' ,  i.e., Ci = c i l s ,  
with ci > O. 

Assume that  Ni<_ncore(vi) = O. By theorem 1, there exist (A~), (a~) and 
( ~ ) ,  i = 1 , . . . , n  and t = 1 , . . . , t i  such that: 

t t t i, t) aiu i (Ai )  > fl~ (> for some 
E i = I  t i  " ~ t = l a ~ l A :  = l s  

~ E ~ = I ~  = 1 E i = I  t i  

Since a~ui(A~) > ~ for some i , t ,  we can find ~ as above that  also satisfy 
this strict inequality for all i, t. 

Construct  now the following allocation. For all i = 1 , . . . ,  n and all t = 
1 , . . . ,  ti, let a set of agents of type  i, of measure a l ,  consume 

[ O~ = ci - e a i  j Is + SlA~ 

ti where e > O. Let the rest of the agents of type  i, of measure [1-~-]~t= 1 a~] _> 0 

consume Ci. We now proceed to show that  the allocation C Pare to  domi- 
nates the allocation C. Consider an individual of type  i whose consumpt ion  
was changed to ~ t .  

( ( ) V~ ( C O  = ( 1 -  u,(A:))Ui c ~ - e  + u,(A:)U, c , - e ^ . ~  + e  
a i ]  a i  

= Ui(ci) - (1 - ui (A~))U~(c i )e~  + 6o1(6) 

+ ui(A~)U~(c,)r [1 - ~---~] ~ j  + ~o2(e) 

= Ui(ci) + eU'(ci)  [v,(A~) - ,~ j  + ~o3(~) 
/ 
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Now, o3(e) --* 0 as e --* 0 and vi(A~) - ~ > 0 for all i , t .  

We still have to check that  C is a feasible allocation. Define Ci to be 
total  consumption of agents of type  i: 

t = l  t = l  

Then, 

C41s 

t i  ti 

Oi = C i l S - - ~ Z l 3 t l s - t ' ~ Z O t ~ l A ~  
t=l t=l 

N o w ,  

n ~ [" n t, n ti ] 
Z Oi = o i l s  + e  [y]~ Z a : l A :  - ~ ~ / 3 t l s  
i = l  i = 1  L i = I  t = l  i = 1  t = l  

12 

/=1 
n t i  n t 

~" E t = l # '  = i. since, by construction, Y]i=l Y]~t=l a~lA~ IS  and ~-~i=1 t, 

Hence, C Pareto dominates C, yielding the desired contradiction. [3 
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